In this paper, we study the effects of Generalized Uncertainty Principle(GUP) and Modified Dispersion Relations(MDRs) on the thermodynamics of ultra-relativistic particles in early universe. We will show that limitations imposed by GUP and particle horizon on the measurement processes, lead to certain modifications of early universe thermodynamics. 
Motivation
Generalized Uncertainty Principle is a common feature of all quantum gravity scenarios. String theory, loop quantum gravity and noncommutative geometry(deeper insight to the nature of spacetime at Planck scale), all indicate the modification of standard Heisenberg principle [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Recently, it has been indicated that within quantum gravity scenarios a modification of dispersion relation(relation between energy and momentum of a given particle) is unavoidable [11] [12] [13] . Possible relation between GUP and MDR has been studied by Hossenfelder [14] . Generally, these quantum gravity effects are important in two extreme domains: black hole structure and early stages of the universe evolution. Corrections to black hole thermodynamics due to quantum gravitational effects of minimal length and GUP have been studied extensively(see [15] and references therein). In another hand, part of the thermodynamical implications of GUP and MDR have been studied by Amelino-Camelia et al [16] . Thermodynamics of early universe within standard Heisenberg principle has been studied by Rahvar et al [17] . Since quantum gravitational effects are very important in early universe, it is natural to investigate early universe thermodynamics within GUP and MDRs. Here we are going to formulate thermodynamics of early universe within GUP and MDRs. Using GUP as our primary input, we compute thermodynamical properties of ultra-relativistic particles in early universe. In formulation of early universe thermodynamics within GUP, two main points should be considered because of limitations imposed on the measurement processes: first due to casual structure of spacetime, maximum distance for causal relation is particle horizon radius. Secondly, there is a minimum momentum imposed by GUP which restrict minimum value of energy. In the next step, for a general gaseous system composed of ultra-relativistic particles, we find density of states using MDRs with Bose-Einstein or Fermi-Dirac statistics and then thermodynamics of the system will be calculated. In MDRs framework, our formalism is quite general and is not restricted to a special system such as early universe.
Preliminaries
Emergence of generalized uncertainty principle can be motivated and finds support in the direct analysis of any quantum gravity scenario. This means that GUP itself is a model independent concept. Generally, GUP can be written as [18] δxδp ≥h
where α, β and γ are positive and independent of δx and δp (but may in general depend on the expectation values of x and p). This GUP leads to a nonzero minimal uncertainty in both position and momentum for positive α and β [18] . If we set β = 0, we find
where for positive α leads to nonzero minimal uncertainty in momentum. Since we like to dealing with absolutely smallest momentum uncertainty, we set γ = 0.
On the other hand, in scenarios which consider spacetime foam intuition in the study of quantum gravity phenomena, emergence of modified dispersion relations takes place naturally [19] . As a consequence, wave dispersion in the spacetime foam might resemble wave dispersion in other media. Since Planck length fundamentally set the minimum allowed value for wavelengths, a modified dispersion relation can also be favored. Recently it has been shown that a modified energy-momentum dispersion relation can also be introduced as an observer-independent law [20] . In this case, the Planckian minimum-wavelength hypothesis can be introduced as a physical law valid in every frame. Therefore, the analysis of some quantum-gravity scenarios has shown some explicit mechanisms for the emergence of modified dispersion relations. For example, in the framework of noncommutative geometry [21] and loop quantum gravity approach [22] these modified dispersion relations have been emerged. In most cases one is led to consider a dispersion relation of the type [16] (note that from now on we set c =h = k B = 1)
where f is the function that gives the exact dispersion relation, and on the right-hand side we have assumed the applicability of a Taylor-series expansion for E ≪ 1/l p . The coefficients α i can take different values in different Quantum-Gravity proposals. Note that m is the rest energy of the particle and the mass parameter µ on the right-hand side is directly related to the rest energy, but µ = m if the α i do not all vanish. Since we are working in Planck regime where the rest mass is much smaller than the particle kinetic energy, there is no risk of confusing between m and µ. While in the parametrization of (3) we have included a possible correction term suppressed only by one power of the Planck length, in GUP such a linear-in-l p term is assumed not to be present. For the MDR a large number of alternative formulations, including some with the linear-in-l p term, are being considered, as they find support in different approaches to the quantum-gravity problem, whereas all the discussions of a GUP assume that the leading-order correction should be proportional to the square of l p (as has been indicated by Amelino-Camelia et al [16] , linear-in-l p term in MDR has no support in string theory analysis of black holes entropyarea relation and therefore it seems that this term should not be present in MDR. Recently we have shown that coefficients of all odd power of E in MDR should be zero [23] ). Within quantum field theory, the relation between particle localization and its energy is given by E ≥ 1 δx , where δx is particle position uncertainty. It is obvious that due to both GUP and MDR this relation should be modified. In a simple analysis based on the familiar derivation of the relation E ≥ 1 δx [24] , one can obtain the corresponding generalized relation. Since we need this generalization in forthcoming arguments, we give a brief outline of its derivation here. We focus on the case of a particle of mass M at rest, whose position is being measured by a procedure involving a collision with a photon of energy E γ and momentum p γ . According to Heisenberg's uncertainty principle, in order to measure the particle position with precision δx, one should use a photon with momentum uncertainty δp γ ≥ 1 δx . Following the standard argument [24] , one takes this δp γ ≥ 1 δx relation and converts it into the relation δE γ ≥ 1 δx using the special relativistic dispersion relation. Finally δE γ ≥ 1 δx is converted into the relation M ≥ 1 δx because the measurement procedure requires δE ≤ M, in order to ensure that the relevant energy uncertainties are not large enough to allow the production of additional copies of the particle whose position is being measured. If indeed our Quantum-Gravity scenario hosts a Planck-scale modification of the dispersion relation of the form (3) then clearly the relation between δp γ and δE γ should be re-written as follows
This relation will modify density of states for statistical systems. Note that one can use GUP to find such relation between δp γ and δE γ [16] .
GUP and Early Universe Thermodynamics
Now we are going to calculate thermodynamical properties of ultra-relativistic particles in early universe, using the generalized uncertainty principle. We consider the following GUP as our primary input,
where ξ is a dimensionless constant. Consider the early stages of the universe evolution. Analogue to a particle inside a box, in the case of the early universe one can consider a causal box (i.e. particle horizon) which any observer in the universe is confined to do measurements within this scale [25] . In the language of wave mechanics, if Ψ denotes the wave function of a given particle, the probability of finding this particle by an observer outside its horizon is zero, i. e. |Ψ(x > horizon)| 2 = 0. From the theory of relativity, measurement of a stick length can be done by sending simultaneous signals to the observer from the two endpoints, where for the scales larger than the causal size, those signals need more than the age of the universe to be received. Looking back to the history of the universe, the particle horizon after the Planck era grows as H −1 , but inflates to a huge size by the beginning of inflationary epoch. Here H is Hubble parameter. In the pre-inflationary epoch, the maximum uncertainty in the location of a particle, δx = H −1 results in an uncertainty in the momentum of the particle which is given by
This leads to a minimum uncertainty in momentum as
Therefore, we can conclude that(assuming that p ∼ δp)
which leads to
for ultra-relativistic particles in three space dimensions. Now, suppose that
where ϑ is given by
To obtain complete thermodynamics of the system, we calculate partition function of the system and then we use standard thermodynamical relations. Partition function for a system composed of ultra-relativistic noninteracting monatomic particles (Fermions or Bosons) is given by [26] ln
Now the pressure of the ultra-relativistic gas is given by P = 1 βV ln Z or
where ρ, the density of the system is defined by
To find a relation comparable with standard relation for pressure, we write P as follows
where, D is defined as
p H and B = πH. Note that since in standard thermodynamics, pressure is defined as P s = ρ 3 , our result for pressure transform to this value when we set ξ = 0 and E min = 0. The extra terms in equation (15) are very important in early stages of the universe evolution. These terms have origin on the quantum nature of spacetime at Planck scale(quantum fluctuation of geometry). Since entropy of ultra-relativistic gas is given by S = − 1 V ∂F ∂T , where F is free energy of the system defined as F = − 1 β ln Z, we obtain the following expression for entropy of ultra-relativistic particles in early universe
In standard situation where ξ = 0 and E min = 0, we find S = 4 3 ρβ which is usual entropy of ultra-relativistic gas.
MDR and Early Universe Thermodynamics
Now we want to formulate early universe thermodynamics in the framework of MDR. We consider a gaseous system composed of ultra-relativistic monatomic, non-interacting particles. First we derive the density of states. Consider a cubical box with edges of length L (and volume V = L 3 ) consisting black body radiation(photons). The wavelengths of the photons are subject to the boundary condition 1 λ = n 2L , where n is a positive integer. This condition implies, assuming that the de Broglie relation is left unchanged, that the photons have (space-)momenta that take values p = n 2L . Thus momentum space is divided into cells of volume V p = 1 2L 3 = 1 8V . From this point, it follows that the number of modes with momentum in the interval [p, p + dp] is given by g(p)dp = 8πV p 2 dp
Assuming a MDR of the type parameterized in (4) one then finds that (m = 0 for photons)
and dp
Using this relation in (18) , one obtains
This is density of states which we use in our calculations. Note that we have not set α 1 = 0 to ensure generality of our discussions, but we will discuss corresponding situations in which follows.
To obtain the thermodynamics of the system, we start with the partition function of fermions and bosons,
where + and − stand for fermions and bosons respectively and β = 1/T since k B = 1.
Using equation (21) in the following form
where for simplicity we have defined, a = 2α 1 l p and b = 5 1 2 α 2 + 1 8 α 2 1 l 2 p , one can compute the integral of equation (22) to find the following expressions for partition function of fermions and bosons respectively
and
When quantum gravitational effects are not taken into account, that is, when α i = 0 for all i, we find usual partition function of fermions and bosons respectively,
Now, since ln Z has been determined for fermions and bosons, pressure of the corresponding gaseous system is given by P = 1 βV ln Z. In the same manner, entropy of this system is given by the following thermodynamical relation
where F is the free energy of the system, F = − 1 β ln Z. This is the complete thermodynamics of early universe in the framework of modified dispersion relations. Note that based on the argument given in section 2, if we set α 1 = 0, then a = 0 and b = 5 2 α 2 l 2 p , and we find from (24) and (25) respectively
These statements for partition function are more realistic since black hole thermodynamics within MDRs when is compared with exact solution of string theory, suggest the vanishing of α 1 .
It is important to note that the formalism presented in this section is not restricted to early universe. Actually, it can be applied to any statistical system composed of ultrarelativistic monatomic noninteracting particles. The Possible relation between GUP and MDRs itself is under investigation [14] . Generally these two features of quantum gravity scenarios are not equivalent, but as Hossenfelder has shown, they can be related to each other. As a result, it is natural to expect that under special circumstances, our results for early universe thermodynamics within GUP and MDRs should transform to each other.
Summary
GUP and MDRs have found strong support from string theory, noncommutative geometry and loop quantum gravity. There are many implications, originated from GUP and MDRs, for the rest of the physics. Here we have studied thermodynamics of early universe within both GUP and MDRs. We have considered early universe as a statistical system composed of ultra-relativistic particles. Since both particle horizon distance and GUP impose severe constraint on measurement processes, the statistical mechanics of the system should be modified to contain these constraint. Since GUP and MDRs are quantum gravitation effects, the modified thermodynamics within GUP and MDRs tends to standard thermodynamics in classical limits. Our formulation of modified thermodynamics of early universe within MDRs is not restricted to early universe and can be applied to any ultra-relativistic gaseous system. Since exact relation between GUP and MDRs is not known, the possible relation between results of two scenario is not clear but it is obvious that these results should transform to each other in some special circumstances.
